Homework # 1

1. Let
Ao={(a,b)| — o0 <a <b<oo}| J{{a}| -0 <a < oo}

Define
A={B1UBy---Bi|lk € IN; B; € Ay, i =1,2,---,k}.

Show that A is a field.

2. Let C; and Cz be classes such that C; C 0(C2) and C3 C 0(Cy). Show that o(Cy) = o(Ca).

3. Let Q be a set and F be a class of subsets of €). Suppose that Q € F and that whenever A, B € F,
we have that AN B¢ € F. Show that F is a field.

4. Let Q be a set and Fi, Fa,--- be a sequence of fields of 2. Suppose that F,, C F, 41 for all n > 1.
Show that U2, F,, is a field.

5. Let  be a set and F be a field of Q. Let H C Q be such that H ¢ F. Show that the field generated
by F U {H} consists of sets of the form

(HNA)U(H°NB), where A,B € F.

6. Let 2 be an infinite set. Let F be the class of sets which are either finite or co-finite (A set is called
co-finite if its complement is finite). It is easy to check that F is a field. Define a set measure p on F
such that u(A)=0 if A is finite and pu(A)=co if A is co finite.

(a) Show that p is finitely additive.

(b) Show that if  is countable then px is not countably additive.

(c) Show that if €2 is uncountably infinite then g is countably additive.



