Homework # 8

In all the problems below (€2, F, 1) is a measure space and {f,}, f, ¢ are measurable functions.

1. Let p be a finite measure. Let {fx, A € A} be a family of integrable functions. Show that the family
is uniformly integrable if and only if: (i) supyep [|fald < 0o and (ii) For every € > 0 there exists a
0 > 0 such that

Sup/ |faldpe < e, whenever p(A) < 0.
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2. Let pu be a probability measure. We will see later in class that if f is an integrable function then
S 1fldp = 57 (| f| > y)dy. Use this fact to show the following.

(a) If A > 0 then
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(b) Suppose that g is an integrable function such that

(| ful > y) < pllgl > y), Yye(0,00), n>1.

(We say that the sequence |f,| is stochastically bounded by g.) Show that the family {f,} is uniformly
integrable.

3. Suppose that u is a finite measure. Suppose that the sequence {f,} is uniformly integrable. Show
that

limsup/fndu < /limsupfndu.
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4. Suppose that f, > 0 a.e. and f > 0 a.e. Also suppose that f,, and f are integrable. Define
Vp: F— IRy and v: F — IR, as follows.

)= [ g, )= [ g

Show the following:
(a) v, and v are finite measures.
(b) Suppose that f, — f a.e. and v,(2) — v(2). Show that

sup |v(A4) — v, (4)] — 0 asn — .
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Hint. Imitate the proof of Scheffe’s theorem in HW 7 (problem 5).

5. Suppose that {f,}, {g»} and {h,} are sequences of measurable functions such that f, — f, g, — ¢,
h, — h a.e. Also suppose that g, < f,, < h,, a.e. Assume that all measurable functions in this problem
are integrable. Finally suppose that [ h,dp — [hdp and [ g,dp — [ gdp. Show that
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