
Solutions of Homework # 9

1. For any positive real number K, let N = inf{n : Xn ≥ K}. Because that {Xn} is
a submartingale and N is a stopping time, {Xn∧N} is a submartingale by applying
the theorem in class.

For any n, Xn∧N ≥ K +supn ξ+
n , this leads to E supn X+

n∧N ≤ E supn ξ+
n∧N +K < ∞

By Martingale convergence theorem, Xn∧N converges a.s. This implies Xn converges
a.s., because that on {N = ∞}, Xn∧N = Xn.

We know that
{Xn converges} ⊇ {sup

n
Xn < ∞}

By assumption, supn Xn < ∞ a.s. So we have

P{Xn converges} ≥ p{sup
n

Xn < ∞} = 1

hence the result holds

2. Let Zn = Xn −
∑n−1

i=1 Yi. It is easy to check Zn is a supermartingale. For any

M ∈ (0,∞), let N = inf{k :
∑k

i=1 Yi > M}, and N is a stopping time. Hence
{Zn∧N} is also a supermartingale. Easy to check Zn∧N + M ≥ 0, thus Zn∧N + M
converges almost surely to a finite limit. So does Zn∧N .

We have

{Zn converges} ⊇ {N = ∞} = {
∞∑
i=1

Yi ≤ M}

Since
∑∞

n=1 Yn < ∞ a.s., P{Zn converges} = 1.

Note Zn = Xn −
∑n−1

i=1 Yi, and
∑∞

i=1 Yi < ∞, this leads to Xn converges almost
surely to a finite limit.

3. (i) µ << ν’s necessary and sufficient condition is

∞∏
n=1

{
√

αnβn +
√

(1− αn)(1− βn)} > 0 (1)

(ii) Just need to show under the conditions, (1) is equivalent to
∑

(αn−βn)2 < ∞.

let xn(α, β) =
√

αnβn +
√

(1− αn)(1− βn)

∞∏
n=1

xn > 0 ⇔
∞∏

n=1

(1− xn) < ∞

Note

2(1− xn) = 1− αn + αn + 1− βn + βn − 2
√

αnβn − 2
√

(1− αn)(1− βn)

= (
√

αn −
√

βn)2 + (
√

1− αn −
√

1− βn)2

= (αn − βn)2{ 1√
αn +

√
βn

+
1√

1− αn +
√

1− βn

}
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The conditions yield

2
√

ε ≤ √
αn +

√
βn ≤ 2

√
1− ε

and
2
√

ε ≤ √
1− αn +

√
1− βn ≤ 2

√
1− ε

these lead to
(αn − βn)2

4(1− ε)
≤ 1− xn ≤ (αn − βn)2

4ε

This implies the result.

4. (i) Checking the definition of martingale by using E(Zn) = E(E(Zn|Zn−1)).

(ii) EZn = µn → 0, this implies Zn = 0 a.s. for all n sufficiently large. (Because if
for any m, there exists an n(m) > m, s.t. Zn(m) 6= 0, EZn(m) ≥ E1 = 1, then
the subsequence Zn(m) will not converges to 0, this leads a contradiction.)

Then there exists an N , s.t. Zn = 0 almost surely, for all n ≥ N . this implies
Zn/µn → 0 a.s. as n →∞.
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