
Homework # 5

1. Let Xn ≥ 0 be independent for n ≥ 1. Show that the following are equivalent.
(i)

∑∞
n=1 Xn < ∞ a.s.

(ii)
∑∞

n=1 (IP (Xn > 1) + IE(Xn1Xn≤1)) < ∞
(iii)

∑∞
n=1 IE( Xn

1+Xn
) < ∞.

2. Let ψ(x) = x2 when |x| ≤ 1 and equal to |x| when |x| ≥ 1. Show that if X1, X2, · · · are
independent with IE(Xn) = 0 and

∑∞
n=1 IE(ψ(Xn)) < ∞ then

∑∞
n=1 Xn converges a.s.

3. Let X1, X2, · · · be independent and let Smn = Xm+1 + · · ·Xn for m < n and define Snn = 0.
Show that

IP ( max
m<j≤n

|Smj | > 2a) min
m<k≤n

IP (|Sk,n| ≤ a) ≤ IP (|Smn| > a). (1)

4. Use (1) to show that if X1, X2, · · · are independent and Sn = X1 + · · ·Xn, then limn→∞Sn

exists in probability implies that limn→∞Sn exists a.s.

5. Let X1, X2, · · · be i.i.d. and Sn = X1 + · · ·Xn. Use (1) to show that if Sn/n → 0 in
probability then (max1≤m≤n Sm)/n → 0 in probability as well.
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