
Homework # 9

1. Let {Xn}n≥0 be a submartingale with supXn < ∞ a.s. Let ξn = Xn −Xn−1 and suppose
IE(supn ξ+

n ) < ∞. Show that Xn converges a.s.
Hint. Follow the proof of the result on martingales with bounded increments that was covered
in class.

2. Let Xn and Yn be positive integrable and adapted to Fn. Suppose that IE(Xn+1 | Fn) ≤
Xn + Yn with

∑
Yn < ∞ a.s. Prove that Xn converges a.s. to a finite limit.

Hint. Introduce a supermartingale; consider the stopping time N = infk
∑k

m=1 Ym > M and
stop the supermartingale at time N . Also recall the proof for martingales with bounded incre-
ments.

3. Let µ, ν, µ̂n and ν̂n be as in the proof of Kakutani’s theorem. Suppose that both µ̂n and ν̂n

are concentrated on {0, 1} for all n. Let αn = µ̂n{1} and βn = ν̂n{1}.
(i)Find a necessary and sufficient condition in terms of αn, βn for µ << ν.
(ii) Suppose that 0 < ε ≤ αn, βn ≤ 1 − ε < 1. Show that in this case the condition is simply∑

(αn − βn)2 < ∞.
Hint. Recall that

∏∞
m=1 xm converges to a non zero quantity iff

∑∞
m=1(1− xm) converges.

4. Let ξn
i , i, n ≥ 0 be i.i.d. nonnegative integer valued random variables. Define a sequence

Zn, n ≥ 0 by Z0 = 1 and

Zn+1 = ξn+1
1 + · · ·+ ξn+1

Zn
, if Zn > 0.

If Zn = 0, we set Zn+1 = 0. Let Fn = σ{ξm
i : i ≥ 1, 1 ≤ m ≤ n} and µ = IE(ξm

i ) ∈ (0,∞).
(i) Show that Zn/µn is a Fn martingale.
(ii) Show that, if µ < 1 then Zn = 0 for all n sufficiently large and so Zn/µn → 0 as n →∞.
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