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ABSTRACT: This paper contains two main results. The first is a vari-
ational representation for the expectation of a measurable function of a
Hilbert space valued Brownian motion, when the function is uniformly pos-
itive and bounded from above and the Brownian motion has a trace class
covariance. This representation is then applied to derive the second main
result, which is the large deviation principle for a class of Hilbert space
valued diffusions with small noise.

1 Introduction

The theory of large deviations is one of the classical topics in probabil-
ity and statistics. For historical background and fundamental results in
this area we refer the reader to Varadhan [24], Deuschel and Stroock [7],
Dembo and Zeitouni [6], Freidlin and Wentzell [13], Ellis [12]. In a recent
book [10] a new methodology was introduced for the analysis of large devi-
ation problems. A crucial ingredient of this approach is the representation
of the expectations whose asymptotic behavior is to be analyzed by value
functions (minimal cost functions) of associated optimal stochastic control
problems. With the representation in hand, one can then use weak conver-
gence methods to study the convergence properties of the value functions
as the large deviation scaling parameter tends to its limit. When rewritten
in terms of the original expectations, one then obtains the desired large
deviation result.

In the approach to large deviations just described, the variational represen-
tation for the pre-limit expectations is the starting point of the analysis.
The canonical example of such a representation is the following (Proposi-
tion 1.4.2 [10]). Let (V, .A) be a measurable space, k a bounded measurable
function mapping V into IR and 6 a probability measure on V. Then

—log [ e *dd = inf {R 9+/kd}, 1.1
¢ [ et e {reio+ [ (1)

where P(V) is the space of all probability measures on (V,.A) and R(-|-)
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denotes the relative entropy function (see Section 3 for the definition of rela-
tive entropy). Although this representation is very general (e.g., it requires
no topological properties on the underlying space), it must be rewritten
in a more convenient form that reflects the structure of the underlying
large deviation problem before it can be used in the convergence analysis.
Many such refinements and various applications of the representations to
the study of large deviation problems are in [10].

The main interest in the present work is the study of large deviations for
infinite dimensional stochastic differential equations. The area of infinite
dimensional stochastic calculus is a rapidly growing one, and various ex-
cellent references are available ([5], [25], [14], [17]). The “driving noise” in
this calculus is an infinite dimensional (typically a Hilbert space valued)
Brownian motion, and for this reason the underlying measure that plays
the role of 0 in (1.1) is Wiener measure on an infinite dimensional space.
One of the main steps in our study is thus the derivation of a useful varia-
tional representation for expectations of exponential functionals of such a
Brownian motion.

In a recent paper Boué and Dupuis [2] obtained the following representation
for a finite dimensional Brownian motion. Let f be a bounded Borel measur-
able function mapping C([0,77] : IR™) (the space of IR™—valued continuous
functions on [0,7]) into IR. Let W be a IR™—valued standard Brownian
motion. Then

~log Eexp{—f(W)} = inf F (; /OTIU(S)%Jrf (WJF/O.U(S)ds)) :

(1.2)
where A is the space of square integrable progressively measurable pro-
cesses. One of our main results (Theorem 3.6) is the extension of this rep-
resentation to the case of infinite dimensional Wiener processes. Once a
proper representation is available one can address a variety of large devia-
tion questions for infinite dimensional stochastic differential equations. We
illustrate the general methodology by studying the case of Hilbert space
valued small noise diffusions in Section 4. The weakest conditions known
to the authors on the drift and diffusion coefficients under which such dif-
fusions have a unique strong solution are in Leha and Ritter [19]. We show
under exactly these conditions that a large deviation principle (LDP) holds.
As is the case for finite dimensional diffusions with such general coefficients
contraction mapping arguments cannot be applied and the usual approach
is via approximation (usually through a time discretization) of the original
problem by a sequence of simpler problems. The LDP for each approxi-
mating problem is derived using a contraction mapping argument, and one
finally obtains the LDP for the original problem by obtaining bounds on
the approximation errors. In contrast, the approach presented here avoids
such approximations and discretizations, which can be very useful in certain
circumstances.
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Small noise asymptotics of other classes of infinite dimensional stochastic
differential equations have been studied by various authors. For example,
the case of stochastic evolution equations in Hilbert spaces has been studied
in [5], [22], [4]. Some references for the related case of reaction-diffusion
stochastic partial differential equations are [26], [23], [16]. Although these
classes of processes do not satisfy the assumptions made in Section 4, the
representation proved in Section 3 is still applicable and can be used to
establish the corresponding LDP. Unfortunately, space limitations prohibit
the treatment of these cases in the present work.

The paper is organized as follows. In Section 2 we recall some facts about
Hilbert space valued Brownian motions and weak convergence criteria for
probability measures on Hilbert spaces. Section 3 is devoted to the proof
of the main representation theorem. We also prove in this section a lemma
(Lemma 3.1) concerning tightness of a certain sequence of Hilbert space
valued processes. This lemma is used several times in rest of the paper.
Finally in Section 4 we present the LDP for small noise diffusions in a
Hilbert space.

One of the motivations for the present work is the study of image match-
ing problems from a Bayesian perspective (cf. [11] and the references cited
therein). Under appropriate regularity conditions on the coefficients, Hilbert
space valued diffusions provide a natural class of prior models for the de-
formation that takes the canonical image into the target image suggested
by the data. One potential application of large deviation theorems such as
the one presented in Section 4 is to establish that the solution to the vari-
ational problem studied in [11] is an approximate maximum a posteriori
estimator of the true deformation in the small noise limit.

2 Preliminaries

Let (Q,F,0) be a probability space with an increasing family of right con-
tinuous §-complete sigma fields {F; }o<i<r. Let (H, (-, )) be a real separable
Hilbert space and let @ be a strictly positive, symmetric, trace class oper-
ator (cf. [9]) on H. The precise definition of an H—valued Wiener process
with covariance ) can be found in [5, p. 87, 90]. For our purposes, the
following two properties are essential:

1. For every nonzero h € H, (Qh,h)~'/2(W(t),h) is a one dimensional
standard F;—Wiener process.

2. For every h € H, W(t,h) = (W(t),h) is a Fy—martingale.
Define HoiQ%H . Clearly, Hy is a Hilbert space with the inner product

<h’7 k>0 = <Q_1/2h7 Q_1/2k>a
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h,k € H.Denote the norms in H and Hy by ||.|| and ||.||o, respectively. Since
Q@ is trace class the identity mapping from Hy to H is Hilbert-Schmidt.
This Hilbert-Schmidt embedding of Hy in H will play a central role in
many of the arguments to follow. One consequence of the embedding is
that if v(™ is a sequence in Hy such that v(™) — 0 weakly in Hy, then
lo(™]| — 0. For an excellent exposition of stochastic calculus with respect
to an H—valued Wiener process we refer the reader to [5]. Other useful
references are [20], [21], [17].

The following two theorems are crucial ingredients of the proofs in this
paper. Although the first theorem is standard (the reader may refer to
[5, Theorem 10.14]), the second requires some elementary modifications of
standard arguments and we refer the reader to [3] for the proof.

Let {G: }o<i<7 be the §—completion of the filtration generated by {W(s) :
0 < s <t}o<t<r. Define A to be the class of Hy—valued F;—progressively
measurable processes ¢ that satisfy

T
0 {/O lp(s)[|2ds < oo} ~ 1 (1.3)

AV = {pc A: ¢is G — progressively measurable}.

Finally, let

We refer the reader to [5, Chapter 4] for the definition of stochastic integrals
of elements of A with respect to W.

Theorem 2.1 Let ¢ € A be such that

T T
E<Wp{A<M@@W@»—;AIW@%$}>=L (1.4

Then the process
t
W) =W - [ us)ds
0

t € [0,T], is a Q— Wiener process with respect to {F;} on (Q,F,~), where
v is the probability measure defined by

T T
(c% = exp {/0 ((s),dW (s)) — %/0 ||7/’(5)||gd5} :

Theorem 2.2 Let (M(t),G:) be a real valued local martingale with right
continuous paths having left limits. Then there exists ¢ € AW such that for
ald<t<T
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To finish this section we record two results that will be used in later sections
to prove tightness for a sequence of Hilbert space valued processes. The first
of these results is due to Aldous (cf. [25]). Let (€, d) be a Polish space. We
denote by C([0,T] : &) the Polish space of continuous maps from [0, 7] to
& equipped with the uniform topology. Although the tightness criteria in
[25] is phrased in terms of processes with values in D([0,T] : &), the result
as stated for processes in C([0,T] : £) follows as an immediate consequence
(see [1] Chapter 3, Section 18, pages 150-153).

Theorem 2.3 Let {X(™} be a sequence of processes with paths in C([0,T] :
&). Suppose that {X ™) (t)} is tight for each rational t € [0,T] and that for
any sequence of stopping times {1, } such that 7, <T and any sequence of
nonnegative numbers {d,} converging to zero as n — oo,

d(X™ (1, 4 6,), X (1,)) = 0

in probability as n — co. Then {X ™} is tight.
The proof of the following theorem can be found in [17].

Theorem 2.4 Let K be a separable Hilbert space and let {e;} be a complete
orthonormal system (CONS) in K. Define Py to be the projection operator
with range equal to spanf{es,---,ex}. Let {u(™} be a sequence of probability
measures on (K,B(K)). Then {u(™} is tight if and only if

1. for all N >0

lim sup p(™ {x € K : max [(z,e;)| > A} =0,

ASoo 1<i<N

2. for any § > 0,

Nlim suppu™ {z € K : ||z — Py(2)||x > 6} = 0.
—00 p

3 The representation theorem

This section is devoted to the proof of a representation theorem. For a
bounded operator A on H let ||Af,, denote its operator norm. We begin
with the following lemma.

Lemma 3.1 Let {v™} be a sequence of elements of A (cf. (1.3)). Assume
that

T
M= sup/ E|[v™(s)||3ds < oc. (1.5)
n Jo

Then the sequence { [, v(™ (s)ds} is tight in C([0,T] : H).
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Proof: For 0 <t < T define X (™ (¢) = f(f v (s)ds, and let {7,,} and {6, }

as in Theorem 2.3. The Cauchy-Schwarz inequality and the observation
1 .

that [[Al] < [|QI[3, lhllo for b € Ho imply

1 . 1/2
HXW%m+&J—XWNmW§\ﬂmKN&<A WMN@3@> .

Thus by (1.5) | X (7, +d,) — X (7,,)|| converges to 0 in L?(6). It now
suffices, in view of Theorem 2.3, to show that for each fixed ¢ € [0,T]
the sequence { X (1)} is tight in H. We will verify conditions 1 and 2 of
Theorem 2.4. Let {Ar} be the sequence of eigenvalues of @ and let {e;} be
a CONS of corresponding eigenvectors. Denote by INy the set of positive
integers. In order to verify condition 1, it suffices to note that for A > 0
and any n, N € INy,

1<i<N - A?
=1

N
0{ max \<X(")(t),ei>| > A} <40 {Z<X(n)(t)a€i>2 > AQ} < %.

1

For condition 2, observe that if f(")(s) = Q~2v(™(s) then the Cauchy-
Schwarz inequality implies

X060 - RO = > ([ s )

J=N+1

i<@ﬁw@wQ%y

j=N+1
T o0
T/WWM%ZM
0 i~

Observing finally that || £ (s)|| = ||v™)(s)||o and recalling (1.5), condition
2 is verified by an application of Chebychev’s inequality. B

2

IN

The following lemma will be used in some of the tightness arguments in
Sections 3 and 4.

Lemma 3.2 Let {v(™} be a sequence of elements of A. Assume there is
M < oo such that

T
sup [ o) s < 21
n Jo
a.s. Suppose further that v converges in distribution to v with respect

to the weak topology on L*([0,T] : Hy). Then [, v (s)ds converges in
distribution to [ v(s)ds in C([0,T]: H).
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Proof: For N € INy define

T
SN;%mL%Mﬂ:myA M@%@<N}. (1.6)

One can endow Sy with the weak topology, in which case it is a Polish
space (cf. [9]). The lemma then follows immediately on observing that the
map 7 : Sy — C([0,T] : H) defined by 7(u) = [, u(s)ds is continuous. W

The following lemma concerning measurable selections will be used in the
proof of the main theorem below. We refer the reader to [3] for a proof.

Lemma 3.3 Let Fq, Fy be Polish spaces and let f : Ey X E5 — IR be a
bounded continuous function. Let K be a compact set in Es. Define for each
x € Ey the sets

F;: = {yEKyéréfo(Lyo):f(x,y)},

r: = {yGK: sup f(x,yo)f(fv,y)}

yoEK

Then for i = 1,2 there exist Borel measurable functions g; : 1 — Ey such
that g;(x) € T for all x € E;.

For probability measures 61,62 on (§2, F) we define the relative entropy of
0, with respect to 65 by

Ror0s) = | (1og ZZJ‘“)) 01 ()

whenever #; is absolutely continuous with respect to 6y and log(%) is

f1-integrable. In all other cases set R(61]|02) = oo. Define Ay = {v € A:
v(w) € Sy 0 —a.s.}.

Lemma 3.4 Let {f(”)} be a uniformly bounded sequence of real valued
measurable functions on C([0,T] : H) converging to f a.s. 6. Then

nf E (; / o)z + £ (W+ / 'v<s>ds)> (1.7)

converges to
T .
Ug&E(éAHMQ%+fOV+Av@MQ> (1.8)

asn — oQ.
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Proof: Let € > 0 be arbitrary. For each n € INy pick an element v(")-€ of
Apn such that

E(iATmW“@>aaN”QV+A¢m“@w§> (1.9)

is at most € larger than the infimum in (1.7). Since {v(™€ n € INy} is
tight in Sy, we can pick a subsequence (relabeled by n) along which
(v(™)€ W) converges weakly to (v¢,W). Using Lemma 3.2 we have that
W + [;v(™<(s)ds converges weakly as elements of C([0,7T] : H) to W +

Jo ve(s)ds.

We next claim that

E <f<"> <W + /O v(”)’ﬁ(s)ds)> —E (f <W + /O ve(s)ds)> .

This is a consequence of [2, Lemma 2.8(b)], which states that for the last
display to hold it is sufficient that the relative entropies

R (o (Wt [ ooas) o 1)

be uniformly bounded in n, where Lo (W) and Lo (W + [ v(M<(s)ds) de-
note the measures induced on C([0,7] : H) by W and W + [; v(")(s)ds,
respectively. But this is immediate since these relative entropies equal
EfOT |[v(™)€(s)||2ds < N. Using the weak convergence of v(™)¢ to v¢ and
Fatou’s lemma, it follows that

o 1 r (n),e 2 1 r € 2
liminf E [ = [\ e (s)|lgds | > E | = [v°(s)[l5ds | -
n—oo 2 0 2 0

Thus the limit inferior, as n — oo, of the expression in (1.7) is at least the
expression in (1.8).
For the reverse inequality, pick an element v¢ of Ay such that

B (; /OT 0 (s)12ds + f (W + /0 ve(s)d8)> (1.10)

is at most € larger than the infimum in (1.8). Clearly the expression in
(1.10) with f replaced by f(™) is at least the infimum in (1.7). However,
this quantity also converges to the expression in (1.10) as n — oo. This
proves the reverse inequality and hence the lemma. B

Lemma 3.5 Let f be a bounded continuous function mapping C([0,T] : H)
into IR.
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1. Let v € A be such that

T Lt e —
E<p{ | wnawisn - | ||v<s>||ods}>1,

define W (t) = W(t) — f(,‘f 9(s)ds, and let E® denote expectation with
respect to the measure v¥ defined by

T T
dfw"exp{ | tenawis) -5 6<s>||3ds}d0-

Let vg € A be an elementary process such that for some My € (0, 00)
lva(s)llo < My a.s., for all s € [0, T]. Then for every € > 0 there exist
elementary processes vi,v2 € AW such that for i = 1,2 |jvi(s)|lo <
My for all s € 0,T], and

E (; /OT ||v1(5)||gds+f<W+/O'v1(s)ds)> y
B (; / " los)2ds + 1 (Vv+ | vo(S)dS)> (1.11)
E (; /OT o (s)|2ds + <W+ /O w(s)ds)) e

2. Let AY) denote the subclass of A consisting of bounded elementary
processes. Then

nf B (; / " ots)li3ds + 7 (= '@<S)ds)>
_ UigiE(é /OT ||v(s)|3ds+f(W+/O'v(s)ds>>.

Proof: For the proof of part 1 we will use Lemma 3.3. We will only show
the first inequality in (1.11) since the proof of the second inequality is
similar, save that the corresponding supremization part of Lemma 3.3 is
used instead. Suppose that the elementary process vy takes the form

IN

IA

1
vo(s,w) = Xo(w)Zyoy(s) + Z X)Lt t,001(5)s

j=1

where (s,w) € [0,T] x Q,0=1t; <ty...<t;y; =T and X; are H—valued
Fi;-measurable random variables satisfying [|.X;(w)|o < Mo a.s. for all



Representations for Functionals of Hilbert Space Valued Diffusions X

j € {0,...1}. There is a continuous function Fy 2 HE™' — IR such that
Fi(Xo(w),...,Xi(w)) = 3 fo llvo(s)||3ds, a.s. Now define for j = 1,...,1
measurable maps Z from Qto M; = C([O tit1 —t;], H) by

Zj(w)(s) =W (W)(s +t;) = W(w)(t;), 0<s<tj—t;
From the continuity and boundedness of the map f it follows that there
exists a continuous bounded map F : (HSNH X (H§:1 ./\/lj)) — IR such
that

f(W+/ vo(S)dS) =F(X;,0<j<1;2;,1<5<1),
0

a.s. For 1 <4 < [, let X; and Z; denote the vectors (Xo,...,X;) and
(Z1,...,Z;), respectively. With this notation

E° (; /OT|v0(s)||gds+f <W+/O‘ vo(s)d8)> = £ (Fl(Xz)+F2(Xz,Zz))~

(1.12)
We recall that every probability measure on a Polish space is tight. This
implies there is a compact set Ko C Hy such that

E° (Fl(Xl) + By (X, Zl)) > B (IKSW (X)) (Fl(Xl) + By (X, Zl))) —e/4(1+1).

Since (W(tN),ft) is a Wiener process under 7%, if 0 < uy < up < T then
W (ug) — W(uq) is independent of F,,. Therefore, Z; is independent of

(X4 Z ) under 7. Let p; denote the standard Wiener measure on M,
and let F2(1) be the real valued continuous map on (H®l+1 (Hl ' M, ))

obtained by integrating out Z; from F», i.e F( ) = [ Fa(y,z)u(dz),
where y € ( HE™ % (Hl ' M, )) Recalling that ||Xl||0 < My, a.s., and
applying Lemma 3.3 with Ey = Hy, By = (H{?l (Hl M, )), K =
Kon{z € Hy : ||zll]o < My} and f = Fy —I—F( ). we have that there

exists a measurable function h : (H U (Hl "M, ) — Hj satisfying
[|1h(-)|lo < My such that the right side of (1.12) is bounded below by

B (X1, h(Xao1, Ze1) + B3 (K1, A1, Zaa), Za) ) —€/20041),

By subtracting an additional €/2(l 4 1) from this lower bound, we can take
h to be a continuous map via an application of [8, Theorem V.16a] and
the dominated convergence theorem. We now iterate the above procedure
[ times to obtain the following inequality:

E° (F1 (X)) + Fo (X, Zl)) > g (Fl(F(Zl)) + By(D(Zy), Zl)) -

where
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l . .
o I J[oy My — HE'"™™ is continuous.

. F(.Zl) can be written (I'g,T'1(z1),...T(z;)), where z; = (z1,...,%) €
H;:l M.77

e [y is a non-random element of Hy bounded in norm by M,

e fori=1,...1T; : H;-:l M; — Hy satisfies ||I';(u)|lo < My for
uc Hé':l Mj.

Now define for j = 1,...,] measurable maps Z; from Q to M; by
Zj(w)(s) = W(w)(s) = W(w)(t;), t; <s<tjn
and let Z; = (Zy,...,7Z;) for i € {1,...1}. Finally define

l

(s, w) = ToZioy(s) + Y T5(Z;(w) Lt 1,401 (5)-
j=1

Clearly 7(s) is an elementary process in AW satisfying |[o(s)|lo < M, for
each s € [0,7] and

B’ (; / " Juo(s)l3ds + 1 (Vv <[ vo<s>ds))
> B (; / s 2ds + 1 (W+ / h(s)ds)) —e.

This proves part 1.

Next, taking @ in (1.11) to be a bounded elementary process and vy = 7,
we obtain

f;eirjxlib) E? (; /OT 15(s)l[5ds + f (W + /O'ﬁ(s)ds)>
> nf E <; /OT lv(s)llgds + f <W + /O'v(s)d5)> , (1.13)

where A"(®) is the subclass of AW of bounded elementary processes. Since
elements of AW-(") are piecewise constant, for every v € A"®) we can
recursively construct o € A® such that

o (; /OT 15(s)|2ds + f (W + /0 ﬁ(s)ds))
= E (; /OT v(s)|lads + f (W + /(;v(s)ds)) (1.14)
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(see [2, Theorem 3.1] for details). Combining (1.13), (1.14), we have that
e 5 (L[ jaeolaas + 1 (W + [ ot
5611}4(17) 9 . V(S 0 S ) vs)as
: 1" 2 '

= B §A ||v(s)||0ds+f<W+/0v(s)ds) . (1.15)

Next, taking & = 0 in (1.11) and observing that A"®) ¢ A®) it follows

ot (; /OT [v(s)||2ds + f (W v /0 v(s)ds))
B ueirjxt:mE (; /OT [v(s)ll5ds + f (W+ /0. v(s)ds>> . (1.16)

Now let v € A be such that E{fOT lv(s)||2ds} < oo. Choose a sequence

{v™ : n € Ny} in A such that each v™ is a bounded elementary process,

limy oo B ( S o (s) — v(s)ugds) = 0, and sup e py, E ( I ||vn(s)|\3ds) <

1+ F (fOT ||v(s)|\(2)ds) Clearly fot(v"(s) —wv(s))ds converges to zero in prob-

ability for each ¢ € [0,T]. Also, an application of Lemma 3.1 shows that
{Jo (W™ (s)—v(s))ds} is tight in C([0,T] : H). Thus (W, [, v"(s)ds) converges
weakly to (W, [, v(s)ds), and therefore

lim E <; /OT o™ (s)12ds + f (W—F/O.v”(s)ds))
_ E(; /OT|v(s)||3ds+f<W+/O'u(s)ds>>.

Using A € A® | this proves that

e s (v )
= JgﬁxE (; /OT lv(s)|lads + f (W—F/o.v(s)ds)) . (1)

The proof of part 2 is completed by combining (1.15), (1.16) and (1.17). R

We now present the main result of this section. Though in the theorem
we take f to be a bounded function, it can be shown (as in [2]) that the
representation continues to hold if f is bounded from above.
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Theorem 3.6 Let f be a bounded, Borel measurable function mapping
C([0,T]: H) into IR. Then

e '
—log Eexp{—f(W)} = inf E (/ lv(s)||3ds + f (W—i—/ v(s)ds))
veA 2 0 0
(1.18)
Proof: The proof presented here is adapted from that of the finite dimen-
sional case studied in [2]. We claim that it suffices to prove the result for
f that are continuous. To see this, let {f(™} be a sequence of real valued
continuous functions on C([0, 7], H) such that sup, ,, |f™) (z)| < sup, |f(2)]

and f("™) converges to f #—a.s. An application of dominated convergence
theorem shows that

—log Eexp{—f") (W)} — —log Eexp{—f(W)}.

For B C A and g a bounded, Borel measurable function mapping C([0, 7] :
H) into IR define

Msgy;ggE(;ATwwm%s+ng+Aﬁ@m§>.

To prove the claim, we must show that A(A, f(™)) converges to A(A, f) as
n — o0o. Let K =sup, |f(z)|and A={veEA: FE (fOT ||’U(S)H(2Jd8> < 4K}.
Then clearly A(A, f) equals A(A, f() and A(A, f) equals A(A, f). Let
€ > 0 be arbitrary. Choose N € INy such that ‘%2 < ¢/2. Fixved
and define the stopping time 7y = inf{s € [0,T] : [ [[v(s)[3 = N} A T.

Recall that Ay = {v € A: [} |[u(s)|2ds < N,0 — a.s.}. Let vy € Ay be
defined as vy (s) = v(s)Z[o,+y](8), where Z denotes the indicator function.

We observe that
e '
E<2/ lon (5)5ds + £ (W+/ vN(s)ds>>
0 0

E(iAmem@sfwﬂov+A¢@m§>+a

where the second line in the display above follows since v € A implies that
the probability of the set {ry < T} is at most %. Taking the infimum

over all v € A in the inequality above we have that

A(A, f™) < A(Aw, F™) < A4, F™) +e

A(Aw, f™)

IA

IN

Exactly the same argument gives

A(A, ) S AAN, f) S AA f) +e
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Finally, an application of Lemma 3.4 shows that A(Ax, f(™) converges to
A(Ap, f) as n — oo. This proves the claim.

Henceforth we will assume that f is continuous. We will prove that the left
side of (1.18) is bounded above and below by the right side.

Proof of the upper bound: From Proposition 1.4.2 of [10] it follows that

—log Eexp{—f(W)} = Vep(ig)fw@ {ROIO+E(FW))},  (1.19)

where P() is the class of all probability measures on (€2, F). Let o € Abe a
bounded elementary process. Clearly, ( fo s),dW (s)), Ft)o<t<T is a real

valued continuous martingale with quadratlc variation fg |lo(s)||3ds ([5,
Section 4]) The boundedness assumption also implies that the expectation

E(exp{ fo |o(s)||3ds}) is finite, and therefore Proposition 5.12 of [18] yields

E <exp{/0 (5(s), AW (s)) — %/O ||@(s)||gds}> Y

By Theorem 2.1 dy® = exp{fOT 0 fo lo(s ||%ds}d9 is a

probability measure and, under v, W fo s)ds is a Q—Wiener
process. Next from the definition of the relatlve entropy functlon

Tg) = F dy” _ i r L A
R 1) = B (log ) = £ ( | w3 [ ||v<s>|%ds>,

(1.20)
where E? denotes the expectation with respect to v’. The expression on

the right side above equals 1 E” (fo |o(s H%ds) and consequently

T .
R(:76) + B (f(W)) = B7 (; [ votgas s (4 [ f»(s)ds)> .

It follows now from (1.19) that

—log Eexp{—f(W)} < B (; /OT 5(s)|2ds + f (VV + /0 ﬁ(s)ds))

(1.21)
for every v as above. Therefore, an application of part 2 of Lemma 3.5
yields

—log Eexp{—f(W)}

,inf B (; /OT 15(s)l[5ds + f (W+/O'a(s)ds)>
inf B (; / C o(s)3ds + £ (W+ / | v(s)ds)> .

IN
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Proof of the lower bound: From Proposition 1.4.2 of [10] we have that
—log Eexp{—f(W)} = R(vl|0) + E™ (f(W)), (1.22)
dyo -

where % = cexp{—f(W)} a.s. and c is the normalizing constant. Define
L(t) = E(%Wt). Clearly (L(t), Gt )o<t<T is a right continuous martingale
bounded above and below by e2lfll= and e=2llfll= respectively. It follows
from Theorem 2.2 that there exists u € AW such that for all 0 < ¢t < T

L(#) :1+/0 (u(s), dW (s)).

We can rewrite the last equality as

Lit)=1 —I—/O (0(s)L(s), dW (s)),

where (t) = u(t)/L(t). Since L(t) is a real valued continuous nonnegative
martingale with L(0) = 1, we have ([15, Lemma 7.1.4]) that

t t
20 = ([ @) awie) - 5 [ loe)1gas)
It follows from Theorem 2.1 that under g
Win/O.ﬁ(s)ds
is a Brownian motion with covariance ). Therefore

~log Eexp{—f(W)} = E” (; / o) s + £ (Vv + / | @(s)ds))

(1.23)
As in the proof of part 2 of Lemma 3.5 we can approximate © by a se-
quence {9",n € INy} of bounded elementary processes in A such that
0] T\ ~n D] T~ D] T \~n ~
B (J3 157(9)3ds) <1+E7 (Jy Io(s)|3ds ) and £ (" [7(s) = o(s) [3ds ) —
0 as n — oco. It now follows, as in the proof of part 2 of Lemma 3.5, that

ol 1 T ~n 2 T .~n
E (2 [ 1 gas + 107 + [ <s>ds>>

converges to the right side of (1.23) as n — oo.

Let € > 0 be arbitrary. We have shown that there exists My < oo and an
elementary process vy € A satisfying ||vg(s)|lo < My for all s € [0,T] such
that

“log Eexp{—f(W)} > EV (; /OT lvo(s)|12ds + f (W—i—/{).vo(s)ds)) e
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The proof is now completed by applying part 1 of Lemma 3.5. B

4 Hilbert space valued diffusions

In this section we will state an LDP for Hilbert space valued diffusions.
Due to space limitations many details have been omitted. We refer the in-
terested reader to [3] for complete proofs. Let H and K be two separable
Hilbert spaces. As before, let W be a H—valued Brownian motion with the
trace class covariance (). We are interested in diffusion processes that take
values in K. Let L(H, K) be the space of all bounded linear operators from
H to K and denote the operator norm for A € L(H, K) by ||A][,,. We be-
gin with a result proved in [19] concerning existence and strong uniqueness
of solutions to K —valued stochastic differential equations. Let A: K — K
and G : K — L(H,K) be measurable mappings. Throughout this sec-
tion the following conditions will be assumed on these functions. No other
conditions on the stochastic differential equation will be required.

1. For every n € INy there exists L, < oo such that for all z,y € K
satisfying [|z|| < n and |ly|| < n,

[A(z) = A)|| + |G(z) = GW)llop < Lnllz —yl- (1.24)

op —
2. There exists B < oo such that for all x € K

IG(2)15, < BO + ||=]*) and (, A(x)) < B(L + [|z|*).  (1.25)

op
Theorem 4.1 The stochastic differential equation:
dX(t) = A(X(t)dt + G(X (¢))dW(t), X(0) ==x (1.26)

has a unique strong solution as a K—valued process that satisfies

/ ||G(X(s))||§p ds < 0o and / |A(X (s))]lds < o0 a.s.
0 0

Although [19] explicitly considers only the case H = K, the proof applies
to the the more general setup of the theorem above with only notational
changes.

The following proposition is a consequence of Theorems 4.1. and 2.1.

Proposition 4.2 Let v € A. Then there exists a unique K—valued pro-
gressively measurable process {X"(t);0 <t < T} such that

1.
0 {/0 IG(X(s))II2, ds +/O |A(X?(s))||ds < oo} =1,



Representations for Functionals of Hilbert Space Valued Diffusions xvii
2. for every t € [0,T)

t t t
X(t) = x+/ G(X”(s))v(s)der/ A(X”(s))der/ G(X"(s))dW (s).
0 0 0
(1.27)
Proof: Consider first the case when v € A is such that

T 1 T ) B
E (eXp{—/O (v(s),dW (s)) — 5/0 U(S)lod8}> =1

In this case from Theorem 2.1 W = W + fo v(s)ds is a Q—Wiener process
under the probability measure

T T
dv”ﬁexp{— | weawi) 5 | ||v<s>|3ds}d9-

Let X be the unique solution to (1.26) with W replaced by W on (2, F,4").
Clearly X7 solves (1.27) a.s. # and conditions 1 and 2 in the proposition
are automatically satisfied. This shows existence. Uniqueness is argued in
a similar manner using change of measure techniques. Now let v € A be
arbitrary and define 7,, = inf{s € [0,7] : [; [lv(s)||l§ > n} A T, where the
infimum is defined to be oo if the set over which the infimum is taken is
empty. Clearly 7, increases to T, and in fact for every w € 2 outside a
f-null set there exists a finite number M (w) such that 7,(w) = T for all
n > M(w). Define v"(s) = v(s)Zjo,5,1(s) for 0 < s < T, where T, 3(s) is
the indicator function of the interval [a,b]. From the case considered pre-
viously we know there exist processes {X"™"(t)}o<i<r that satisfy (1.27)
with v replace by v™. Also, by the strong uniqueness, X™"(t) = X™"(¢)
a.s. for all t < 7, and m > n. Define X?(t) = X™"(t) for t < 7,. Clearly
X" (t) is defined for 0 < ¢ < T a.s. and by its construction and strong
uniqueness solves (1.27). We leave it to the reader to verify that condition
2 is satisfied by XV. For uniqueness, it is enough to note that if X¥ and
Y solve (1.27), then a.s. XV(t) =Y"(¢) for t < 7, for every n € INy. B

The next proposition follows from the representation obtained in Theorem
3.6 and the fact that since X is a strong solution to (1.26) there exists a
Borel measurable map h : C([0,T] : H) — C([0,T] : K) such that X(t) =
7(t) o h(W) 0 - a.s., where 7(t) is the coordinate mapping on C([0, 7] : K).

Proposition 4.3 Let A and G be as in Theorem 4.1 and let X be the
unique solution to (1.26). Then for any bounded Borel function f : C([0,T] :
H)—R

1 T
~log Eexp{—f(X)} = inf F (2 | Ilas+ f(X”)> ,

where XV is the unique solution to (1.27).
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The following is the main result of this section. Define

Dy = {v € L*([0,T] : Ho) : f(t) = x—|—/0 A(f(s))ds—!—/o G(f(s))v(s)ds}.

Theorem 4.4 Let G and A be as in Theorem 4.1. Let {X¢} solve the
equation

dX(t) = A(X“(s))ds + VeG(X(s))dW (s), X(0) = . (1.28)

Then {X ¢} satisfies the Laplace principle in C([0,T] : K) with rate function

T
L(P)= inf {; / ||v<t>|3dt} ,

where the infimum over the empty set is taken to be co.

As noted previously, space limitations prohibit giving the proof of this the-
orem. However, it is worth noting that given the representation in Proposi-
tion 4.3 and the tightness and convergence results in Lemmas 3.1 and 3.2,
the proof is very similar to the finite dimensional case in [2]. In fact, the
only significant difference is an additional localization argument needed to
deal with the fact that A and G can be unbounded as functions on H. For
full details, we refer to [3].
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