
A Variational Representation for Positive

Functionals of Infinite Dimensional Brownian

Motion

Amarjit Budhiraja∗ Paul Dupuis†

Department of Mathematics Lefschetz Center for Dynamical Systems
University of Notre Dame Brown University

Notre Dame, IN 46656 Providence, RI 02912
USA USA

December 11, 2000

Abstract

A variational representation for positive functionals of a Hilbert space
valued Wiener process (W (·)) is proved. This representation is then used
to prove a large deviations principle for the family {Gε(W (·))}ε>0 where
Gε is an appropriate family of measurable maps from the Wiener space to
some Polish space.

Key Words: Large deviations, Laplace principle, stochastic control,
cylindrical Brownian motion, stochastic evolution equations, infinite di-
mensional stochastic calculus.

∗This research supported in part by the National Science Foundation (NSF-DMI-9812857)
and the University of Notre Dame Faculty Research Program.

†This research was supported in part by the National Science Foundation (NSF-DMS-
9704426) and the Army Research Office (DAAD19-99-1-0223).

1



1 Introduction

The theory of large deviations is one of the classical areas in probability and
statistics (see for example [23, 7, 6, 13, 11]). The book [10] develops an approach
to this topic that is based on proving the convergence of solutions to variational
problems. The starting point for this approach is the fact that the large de-
viation principle (LDP) is equivalent to what is called a Laplace principle (see
Definition 4.2 below) if the underlying space is Polish. This is a consequence
of Varadhan’s Lemma [24] and Bryc’s converse to Varadhan’s Lemma [2]. We
refer the reader to [10] for the elementary proof. A key step in the approach
is the representation of the pre-limit normalized expectations in the statement
of the Laplace principle by value functions (minimal cost functions) of certain
stochastic optimal control problems. The large deviation problem then reduces
to verifying the convergence of these value functions and identifying the lim-
its. This latter problem is well suited to the application of weak convergence
methods.

The prototype of the representation is the following ([10, Proposition 1.4.2]).
Let (V,A) be a measurable space, k a bounded measurable function mapping
V into IR, and θ a probability measure on V. Then

− log
∫
V
e−kdθ = inf

γ∈P(V)

{
R(γ‖θ) +

∫
V
kdγ

}
, (1.1)

where P(V) is the space of all probability measures on (V,A) and R(·‖·) denotes
the relative entropy function (see Section 3 for the definition of relative entropy).
For many interesting examples the right side of the expression above can be
written as the value function of an appropriate stochastic control problem (cf.
[10, 1]). For example, if V is C([0, T ] : IRn) and θ is the Wiener measure, then
it is proved in [1] that

− log
∫
V
e−kdθ = inf

v∈A

∫
V

(
1
2

∫ T

0

‖v(s)‖2 + f

(
W +

∫ ·

0

v(s)ds
))

dθ, (1.2)

where A is the space of square integrable predictable (with respect to the Wiener
filtration) processes.

Our main interest in the present paper is the study of large deviations for
infinite dimensional stochastic differential equations (SDEs). Such equations
arise in a wide range of applications [5, 25, 15, 17]. The problem of proving
Wentzell-Friedlin type large deviation estimates for such SDEs has been studied
by a number of authors, including [14, 5, 4, 21, 22, 17]. When the diffusion coeffi-
cient is constant the proofs in these papers basically follow from the contraction
principle. In the general case where the diffusion coefficient is not constant and
the contraction principle can not be applied, discretization arguments as in the
original work of Wentzell and Friedlin are used. A feature that is common to
all the different models considered is their representation as a dynamical system
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driven by some type of infinite dimensional Brownian motion. In this paper
we will use the stochastic control and weak convergence approach to obtain the
LDP for the family {Gε(W (·))}ε>0, where Gε is an appropriate family of mea-
surable maps from the Wiener space to some Polish space and W (·) is a Hilbert
space valued Wiener process. This is done in Theorem 4.4. The result can be
viewed as an extended contraction principle. The key assumption on the family
{Gε} is Assumption 4.3. Assumption 4.3 (ii) essentially says that the level sets
of the rate function are compact. Assumption 4.3 (i) is the crucial condition
that needs to be verified in various applications of this result and is a state-
ment on the weak convergence of a certain family of random variables. This
condition is at the core of the weak convergence approach to the study of large
deviations. Using the above extended contraction principle we are able to ob-
tain Wentzell-Freidlin type large deviation results for a wide class of stochastic
dynamical systems driven by a small noise, infinite dimensional Wiener process.
We refer the reader to [3], where Hilbert space valued small noise diffusions with
quite general coefficients and stochastic evolution equations with a multiplica-
tive noise are studied in detail. In fact the conditions imposed on the coefficients
are precisely the ones that are required for the existence of a unique strong (resp.
mild) solution. The proofs of these large deviation results, which are essentially
based on the verification of Assumption 4.3, are quite different from the proofs
in [14, 5, 4, 21, 22, 17]. Furthermore, the approach taken in this paper gives
a unified method for studying large deviations for a wide range of stochastic
dynamical systems driven by an infinite dimensional Brownian motion.

The crucial step in the proof of the LDP mentioned above is a variational rep-
resentation for positive functionals of an infinite dimensional Brownian motion,
proved in Theorem 3.6 (See Equation 3.14). It may be worth observing that in
our representation we allow the class A to consist of processes predictable with
respect to a larger filtration than that generated by the Wiener process. This
relaxation is of importance in some control applications. The starting point of
the proof of the representation is (1.1). One of the main issues can be described
as follows. Suppose that (Ω,F , {Ft}, θ) is a probability space with a filtration
satisfying the usual hypothesis, H is a separable Hilbert space and (Wt,Ft) is
a H−valued Wiener process (to be described precisely in Section 2) on Ω. Let
γ ∈ P(V) be such that

dγ

dθ
= exp

{∫ T

0

ψ(s)dW (s)− 1
2

∫ T

0

‖ψ(s)‖20ds

}

for an appropriate predictable process ψ(·). Then the expression on the right
side of (1.1), i.e.,

R(γ‖θ) +
∫

Ω

kdγ
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equals

Eγ

[
1
2

∫ T

0

‖ψ(s)‖20ds+ k

(
W (·) +

∫ ·

0

ψ(s)ds
)]

,

where Eγ denotes the expectation on the space V with respect to the original
probability measure γ. Thus, roughly speaking, in order to obtain the desired
representation we need to replace the expectation with respect to the origi-
nal probability measure γ with the expectation with respect to the probability
measure θ. This key step is undertaken in Lemma 3.5.

The paper is organized as follows. In Section 2 we recall some facts about
Hilbert space valued Brownian motions and weak convergence criteria for prob-
ability measures on Hilbert spaces. Section 3 is devoted to the proof of our main
representation theorem. In Section 4 we formulate and prove the general large
deviation result for the family {Gε(W (·))}.

2 Preliminaries

Let (Ω,F , θ) be a probability space with an increasing family of right continuous
θ-complete sigma fields {Ft}0≤t≤T . We begin with the definition of a Hilbert
space valued Wiener process. Let (H, 〈·, ·〉) be a real separable Hilbert space.
Let Q be a strictly positive, symmetric, trace class operator (cf. [9]) on H.

Definition 2.1 An H−valued stochastic process {W (t), 0 ≤ t ≤ T} is called a
Q-Wiener process with respect to {Ft} if the following conditions hold:

1. For every nonzero h ∈ H, 〈Qh, h〉−1/2〈W (t), h〉 is a one dimensional stan-
dard Wiener process.

2. For every h ∈ H W (t, h) =̇ 〈W (t), h〉 is a Ft-martingale.

Define H0 =̇ Q1/2H. Clearly, H0 is a Hilbert space with the inner product

〈h, k〉0 =̇ 〈Q−1/2h,Q−1/2k〉

for h, k ∈ H0. Denote the norms in H and H0 by ‖.‖ and ‖.‖0 respectively.
Since Q is trace class the identity mapping from H0 to H is Hilbert-Schmidt.
This Hilbert-Schmidt embedding of H0 in H will play a central role in many
of the arguments to follow. One consequence of the embedding is that if v(n)

is a sequence in H0 such that v(n) → 0 weakly in H0 then ‖v(n)‖ → 0. For an
exposition of stochastic calculus with respect to an H−valued Wiener process
we refer the reader to [5]. Other useful references are [19, 20, 17].

The following two theorems are crucial ingredients to the proofs in this paper.
Although the first theorem is standard, the second requires some elementary
modifications of standard arguments. A sketch of the proof is provided for the
sake of completeness.
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Let {Gt}0≤t≤T be the θ−completion of the filtration generated by {W (s) :
0 ≤ s ≤ t}0≤t≤T . We denote the space of square integrable random vari-
ables on (Ω,F , θ) by L2(θ) and the subspace of random variables which are
GT−measurable by L2

W (θ). Also, define A to be the class of H0−valued Ft−pre-
dictable processes φ that satisfy

θ

{∫ T

0

‖φ(s)‖20ds <∞

}
= 1. (2.1)

Finally, let
AW =̇ {φ ∈ A : φ is Gt − predictable }.

We refer the reader to Chapter 4 of [5] for the definition of stochastic integrals
of elements of A with respect to W .

Theorem 2.2 Let ψ ∈ A be such that

E

(
exp

{∫ T

0

ψ(s)dW (s)− 1
2

∫ T

0

‖ψ(s)‖20ds

})
= 1.

Then the process

W̃ (t) =̇ W (t)−
∫ t

0

ψ(s)ds,

t ∈ [0, T ], is a Q-Wiener process with respect to {Ft} on (Ω,F , γ), where γ is
the probability measure defined by

dγ

dθ
= exp

{∫ T

0

ψ(s)dW (s)− 1
2

∫ T

0

‖ψ(s)‖20ds

}
.

Proof: See Theorem 10.14 of [5].

Theorem 2.3 Let (M(t),Gt) be a real valued local martingale with right con-
tinuous paths having left limits. Then there exists φ ∈ AW such that for all
0 ≤ t ≤ T

M(t) = M(0) +
∫ t

0

φ(s)dW (s), a.s.

Proof: The proof is adapted from [16]. We consider only the case where M(t)
is a mean zero square integrable martingale. The general statement in the
theorem follows by the usual localization arguments (cf. Problem 3.4.16 of [18]).
Let L2([0, T ] : H0) denote the class of all measurable maps η : [0, T ] → H0 for
which

∫ T

0
‖η(s)‖20ds is finite. For 0 ≤ t ≤ T and η ∈ L2([0, T ] : H0) define

β(η)(t) .= exp
{∫ t

0

η(s)dW (s)− 1
2

∫ t

0

‖η(s)‖20ds
}
.
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Applying Itô’s formula (cf. Theorem 4.17 of [5]) we have

β(η)(t) = 1 +
∫ t

0

β(η)(s)η(s)dW (s) (2.2)

for all 0 ≤ t ≤ T . Since (2
∫ t

0
η(s)dW (s),Gt) is a real valued martingale with

quadratic variation process
∫ t

0
‖2η(s)‖20ds, it follows that β(2η) is a non negative

local martingale, and hence a supermartingale. Observing that (β(η)(t))2 =
β(2η)(t) exp

(∫ t

0
‖η(s)‖20ds

)
, we have

sup
0≤t≤T

E(β(η)(t))2 ≤ exp

(∫ T

0

‖η(s)‖20ds

)
<∞.

This implies that
∫ t

0
η(s)β(η)(s)dW (s) is a square integrable Gt−martingale and

hence by (2.2) β(η)(T ) − 1 is a mean zero square integrable random variable.
Let M denote the class of all square integrable random variables of the form
X =

∫ T

0
γ(s)dW (s) for some γ ∈ AW . Clearly β(η)(T ) − 1 is in M for all η as

above.
We assert now that M is all of L2

W (θ). To see this let Y be an arbitrary
mean zero square integrable GT−measurable random variable. Suppose that Y
is orthogonal to M, i.e., E(Y X) = 0 for all X ∈ M. Since M is a closed
subspace of L2

W (θ), to prove M = L2
W (θ) we need only show that Y ≡ 0. Let

{λk} be the sequence of eigenvalues of Q and let {ek} be a complete orthonormal
system (CONS) of corresponding eigenvectors. Let IN0 denote the set of positive
integers. Suppose that l ∈ IN0, N ∈ IN0, 0 = t1 ≤ · · · ≤ tN ≤ T and that
{αk}N

k=1 is a sequence of reals. By taking η to be the appropriate step function
and using EY = 0, we see that

E

(
Y exp

{
N−1∑
k=1

αk(W (tk+1, el)−W (tk, el))

})
= 0.

This proves that E[Y |W (t, el); 0 ≤ t ≤ T ] = 0 for all l ∈ IN0. In a similar
manner we see that for all m ∈ IN0 E[Y |W (t, el); 0 ≤ t ≤ T, 1 ≤ l ≤ m] = 0.
The assertion now follows on observing that GT ≡ σ{W (·, el); l ∈ IN0} (cf.
Proposition 4.1 of [5]).

Finally, let M(t) be a mean zero square integrable martingale. Then there
exists γ ∈ AW such that M(T ) −M(0) =

∫ T

0
γ(s)dW (s) a.s. The proof now

follows by taking conditional expectations with respect to Gt and using the
martingale properties of M(t) and the stochastic integral.

Finally in this section we will record two results which will be used in Section
3 in proving tightness for a sequence of Hilbert space valued processes. The
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first of these results is due to Aldous (cf. [25]). Let (E , d) be a Polish space.
We denote by C([0, T ] : E) the Polish space of continuous maps from [0, T ] to E
equipped with the uniform convergence topology.

Theorem 2.4 Let {X(n)} be a sequence of processes with paths in C([0, T ] : E).
Suppose that {X(n)(t)} is tight for each rational t ∈ [0, T ] and that for any
sequence of stopping times {τn} s.t. τn ≤ T and any sequence of non negative
numbers {δn} converging to zero as n→∞,

d(X(n)(τn + δn), X(n)(τn)) → 0

in probability as n→∞. Then {X(n)} is tight.

The proof of the following theorem can be found in [17].

Theorem 2.5 Let K be a separable Hilbert space and let {ei} be a CONS in K.
Let {µ(n)} be a sequence of probability measures on (K,B(K)). Then {µ(n)} is
tight if and only if

1. for all N > 0

lim
A→∞

sup
n
µ(n)

{
x ∈ K : max

1≤i≤N
|〈x, ei〉| > A

}
= 0,

2. for any δ > 0,

lim
N→∞

sup
n
µ(n) {x ∈ K : ‖x− PN (x)‖K ≥ δ} = 0,

where PN is the projection operator with range span{e1, · · · , eN}.

In some applications it is convenient to consider stochastic differential equations
which are driven by a cylindrical Brownian motion rather than a Hilbert space
valued Brownian motion. We close this section by giving the definition of a
cylindrical Brownian motion and its connection with a Hilbert space valued
Brownian motion. Recall that (Ω,F , {Ft}, θ) is a probability space with an
increasing family of right continuous θ-complete sigma fields {Ft}0≤t≤T .

Definition 2.6 A family {B(t, h) : 0 ≤ t ≤ T, h ∈ H} of random variables is
said to be a Ft−cylindrical Brownian motion if

(i) for every h ∈ H, h 6= 0, {B(t, h),Ft}0≤t≤T is a standard Wiener process,

(ii) for every 0 ≤ t ≤ T , α1, α2 ∈ IR and f1, f2 ∈ H,

B(t, α1f1 + α2f2) = α1B(t, f1) + α2B(t, f2), a.s.
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Let (H1, 〈·, ·〉1) be a Hilbert space such that H1 ⊃ H and the identity map
i : H → H1 is Hilbert-Schmidt. Obviously, H1 is not uniquely determined.
Observe that the Hilbert-Schmidt embedding implies that if {ei}∞i=1 and {fk}∞k=1

are CONS in H and H1, respectively, then

∞∑
i=1

∞∑
k=1

〈ei, fk〉21 <∞. (2.3)

Now let {ei}∞i=1 be a CONS in H and define βj(t)=̇B(t, ej). Then from (2.3)
we have that the sequence {

∑n
j=1 ejβj(t)} converges, in probability, in H1 as

n→∞. Furthermore, there is a trace class operator Q1 on H1 such that

W ∗(t)=̇
∞∑

j=1

ejβj(t) (2.4)

is a Q1−Wiener process on H1. The choice of the Hilbert space H1 is immaterial
in the sense that for all such extensions Q

1
2
1 (H1) = H and for u ∈ H ||u|| =

||Q−
1
2

1 u||1. Therefore, we can assume without loss of generality thatQ1 is strictly
positive. We refer the reader to [5, Section 4.3] for proofs of these statements
and further details. The following elementary lemma shows that one can always
go from a cylindrical Brownian motion to a Hilbert space valued Wiener process
in a measurable way.

Lemma 2.7 Let B(·, ·) be a cylindrical Brownian motion as above. Let X be a
random variable which is measurable with respect to σ{B(s, h) : 0 ≤ s ≤ T, h ∈
H}. Let the Hilbert space H1 and an H1−valued Wiener process W ∗(·) be as
above. Then there exists a measurable map f : C([0, T ] : H1) → IR such that
θoX−1 = θof(W ∗)−1 .

Proof: Note that B(C([0, T ] : H1)) [the Borel σ−field on C([0, T ] : H1)] is
precisely the sigma field σ{〈πt(·), h〉1 : t ∈ [0, T ], h ∈ H1}, where πt : C([0, T ] :
H1) → H1 is defined as πt(x)=̇x(t). Thus to prove the lemma it suffices to show
that σ{〈W ∗(t), h〉1 : t ∈ [0, T ], h ∈ H1} equals σ{B(t, h) : h ∈ H, 0 ≤ t ≤ T}.
The last statement is an immediate consequence of (2.4) and the observation
that if {fk}∞k=1 is a CONS of eigenvectors of Q1 with eigenvalues {λk}∞k=1 then
for every h ∈ H, B(t, h) =

∑∞
j=1〈h, fj〉〈W (t), fj〉1, a.s.

3 The representation theorem

This section is devoted to the proof of the representation theorem. For a
bounded operator A on H let ‖A‖op denote its operator norm. We begin with
the following lemma.
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Lemma 3.1 Let {v(n)} be a sequence of elements of A (cf. (2.1)). Assume that

M =̇ sup
n

∫ T

0

E‖v(n)(s)‖20ds <∞. (3.1)

Then the sequence
{∫ ·

0
v(n)(s)ds

}
is tight in C([0, T ] : H).

Proof: For 0 ≤ t ≤ T define X(n)(t) =̇
∫ t

0
v(n)(s)ds. The Cauchy-Schwarz

inequality and the observation that ‖h‖ ≤ ‖Q‖
1
2
op ‖h‖0 for h ∈ H0 yield that for

{τn} and {δn} as in Theorem 2.4,

‖X(n)(τn + δn)−X(n)(τn)‖ ≤
√
δn ‖Q‖

1
2
op

(∫ T

0

‖v(n)(s)‖20ds

)1/2

.

Thus by (3.1) ‖X(n)(τn + δn) − X(n)(τn)‖ converges to 0 in L2(θ). It now
suffices, in view of Theorem 2.4, to show that for each t ∈ [0, T ] the sequence
{X(n)(t)} is tight in H. We will verify conditions 1 and 2 of Theorem 2.5 for
the measures induced by {X(n)}. Let {ej} be a CONS of eigenvectors as in the
proof of Theorem 2.3. In order to verify condition 1, it suffices to note that for
A > 0 and n, i ∈ IN0,

θ
{
|〈X(n), ei〉| > A

}
≤ TM

A2
.

For condition 2 observe that

‖X(n)(t)− PN (X(n)(t))‖2 =
∞∑

j=N+1

〈∫ t

0

v(n)(s)ds, ej

〉2

.

Denoting Q−
1
2 v(n)(s) by φ(n)(s), the right side of the last equality can be rewrit-

ten as
∑∞

j=N+1

〈∫ t

0
φ(n)(s)ds,Q

1
2 ej

〉2

. The Cauchy-Schwarz inequality shows

that this last expression can be at most T
∫ T

0
‖φ(n)(s)‖2ds

∑∞
j=N λi. Observing

finally that ‖φ(n)(s)‖ = ‖v(n)(s)‖0 and recalling (3.1), condition 2 is verified by
an application of Chebychev’s inequality.

The following lemma will be used in some of the tightness arguments in Sections
3 and 4.

Lemma 3.2 Let {v(n)} be a sequence of elements of A. Assume there is M <
∞ such that

sup
n

∫ T

0

‖v(n)(s)‖20ds ≤M

a.s. Suppose further that v(n) converges in distribution to v with respect to the
weak topology on L2([0, T ] : H0). Then

∫ ·
0
v(n)(s)ds converges in distribution to∫ ·

0
v(s)ds in C([0, T ] : H).
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Proof: For N ∈ IN0 define

SN
.=

{
u ∈ L2([0, T ] : H0) :

∫ T

0

‖u(s)‖20ds ≤ N

}
. (3.2)

One can endow SN with the weak topology, in which case it is a Polish space
(cf. [9]). The lemma then follows immediately on observing that the map
τ : SM → C([0, T ] : H) defined by τ(u) .=

∫ ·
0
u(s)ds is continuous.

The following lemma concerning measurable selections will be used in the
proof of the main theorem below.

Lemma 3.3 Let E1, E2 be Polish spaces and let f : E1×E2 → IR be a bounded
continuous function. Let K be a compact set in E2. For each x ∈ E1 define the
sets

Γ1
x

.=
{
y ∈ K : inf

y0∈K
f(x, y0) = f(x, y)

}
,

Γ2
x

.=
{
y ∈ K : sup

y0∈K
f(x, y0) = f(x, y)

}
Then for i = 1, 2 there exist Borel measurable functions gi : E1 → E2 such that
gi(x) ∈ Γi

x for all x ∈ E1.

Proof: Let xn be a sequence in E1 converging to x. For each n ∈ IN0 and
i = 1, 2 let yi

n ∈ Γi
xn

. In view of Corollary 10.3 of [12] it suffices to show
that {yi

n} has a limit point in Γi
x. Let yi be a limit point of {yi

n}. The
result now is an immediate consequence of the fact that for each n, both
infy0∈K f(xn, y0)− f(xn, y

1
n) and supy0∈K f(xn, y0)− f(xn, y

2
n) equal zero and

that the maps (x, y) → f(x, y)−infy0∈K f(x, y0) and (x, y) → f(x, y)−supy0∈K f(x, y0)
are continuous.

For probability measures θ1, θ2 on (Ω,F) we define the relative entropy of
θ1 with respect to θ2 by

R(θ1‖θ2)
.=
∫

Ω

(
log

dθ1
dθ2

(ω)
)
θ1(dω)

whenever θ1 is absolutely continuous with respect to θ2 and log(dθ1
dθ2

) is θ1-
integrable. In all other cases set R(θ1‖θ2)

.= ∞. Define

AN =̇ {v ∈ A : v(ω) ∈ SN θ − a.s.}. (3.3)

Lemma 3.4 Let {f (n)} be a uniformly bounded sequence of real valued measur-
able functions on C([0, T ] : H) converging to f a.s. θ. Then

inf
v∈AN

E

(
1
2

∫ T

0

‖v(s)‖20 + f (n)

(
W +

∫ ·

0

v(s)ds
))

(3.4)
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converges to

inf
v∈AN

E

(
1
2

∫ T

0

‖v(s)‖20 + f

(
W +

∫ ·

0

v(s)ds
))

(3.5)

as n→∞.

Proof: Let ε > 0 be arbitrary. For each n ∈ IN0 pick an element v(n),ε of AN

such that

E

(
1
2

∫ T

0

‖v(n),ε(s)‖20 + f (n)

(
W +

∫ ·

0

v(n),ε(s)ds
))

is at most ε larger than the infimum in (3.4). Since {v(n),ε, n ∈ IN0} is tight
in SN , we can pick a subsequence (relabeled by n) along which (v(n),ε,W )
converges weakly to (vε,W ). Using Lemma 3.2 we have that W +

∫ ·
0
v(n),ε(s)ds

converges weakly as elements of C([0, T ] : H) to W +
∫ ·
0
vε(s)ds.

We next claim that

E

(
f (n)

(
W +

∫ ·

0

v(n),ε(s)ds
))

→ E

(
f

(
W +

∫ ·

0

vε(s)ds
))

.

This is a consequence of [1, Lemma 2.8(b)], which states that for the last display
to hold it is sufficient that the relative entropies

R

(
Lθ

(
W +

∫ ·

0

v(n),ε(s)ds
)
‖Lθ (W )

)
be uniformly bounded in n, where Lθ (W ) and Lθ

(
W +

∫ ·
0
v(n),ε(s)ds

)
denote

the measures induced on C([0, T ] : H) by W and W +
∫ ·
0
v(n),ε(s)ds, respec-

tively. But this is immediate by Theorem 2.2, since these relative entropies
equal E

∫ T

0
‖v(n),ε(s)‖20ds ≤ N . Using the weak convergence of v(n),ε to vε and

Fatou’s lemma, it follows that

lim inf
n→∞

E

(
1
2

∫ T

0

‖v(n),ε(s)‖20ds

)
≥ E

(
1
2

∫ T

0

‖vε(s)‖20ds

)
.

Thus the limit inferior, as n → ∞, of the expression in (3.4) is at least the
expression in (3.5).

For the reverse inequality, pick an element vε of AN such that

E

(
1
2

∫ T

0

‖vε(s)‖20ds+ f

(
W +

∫ ·

0

vε(s)ds
))

(3.6)

is at most ε larger than the infimum in (3.5). Clearly,

E

(
1
2

∫ T

0

‖vε(s)‖20ds+ f (n)

(
W +

∫ ·

0

vε(s)ds
))

11



is at least the infimum in (3.4). As n → ∞ this quantity converges to the
expression in (3.6). Thus the limit superior, as n → ∞, of the expression in
(3.4) is at most the expression in (3.5). This proves the reverse inequality and
hence the lemma.

Lemma 3.5 Let f be a bounded continuous function mapping C([0, T ] : H) into
IR.

1. Let ṽ ∈ A be such that

E

(
exp

{∫ T

0

〈ṽ(s), dW (s)〉 − 1
2

∫ T

0

‖ṽ(s)‖20ds

})
= 1,

define W̃ (t) .= W (t)−
∫ t

0
ṽ(s)ds, and let Eṽ denote expectation with respect

to the measure γṽ defined by

dγṽ .= exp

{∫ T

0

〈ṽ(s), dW (s)〉 − 1
2

∫ T

0

‖ṽ(s)‖20ds

}
dθ.

Let v0 ∈ A be an elementary process, and assume there is M0 ∈ (0,∞)
such that ‖v0(s)‖0 ≤ M0 for all s ∈ [0, T ], a.s. Then for every ε > 0
there exist elementary processes v1, v2 ∈ AW such that ‖vi(s)‖0 ≤M0 for
i = 1, 2 and all s ∈ [0, T ], and

E

(
1
2

∫ T

0

‖v1(s)‖20ds+ f

(
W +

∫ ·

0

v1(s)ds
))

− ε

≤ Eṽ

(
1
2

∫ T

0

‖v0(s)‖20ds+ f

(
W̃ +

∫ ·

0

v0(s)ds
))

(3.7)

≤ E

(
1
2

∫ T

0

‖v2(s)‖20ds+ f

(
W +

∫ ·

0

v2(s)ds
))

+ ε.

2. Let A(b) denote the subclass of A consisting of bounded elementary pro-
cesses. Then

inf
ṽ∈A(b)

Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

= inf
v∈A

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

.

Proof: For the proof of part 1 we will use Lemma 3.3. We will only show
the first inequality in (3.7) since the proof of the second inequality is similar,

12



save that the corresponding supremization part of Lemma 3.3 is used instead.
Suppose that the elementary process v0 takes the form

v0(s, ω) .= X0(ω)I{0}(s) +
l∑

j=1

Xj(ω)I(tj ,tj+1](s),

where (s, ω) ∈ [0, T ] × Ω, 0 = t1 ≤ t2 . . . ≤ tl+1 = T and Xj are H0−valued
Ftj

−measurable random variables satisfying ‖Xj(ω)‖0 ≤ M0 a.s. for all j ∈
{0, . . . l}, and I denotes the indicator function. Define F1 : H⊗l+1

0 → IR

by F1(x0, ..., xl)
.= 1

2

∑l−1
i=0(ti+1 − ti)‖xi‖20, so that F1(X0(ω), . . . , Xl(ω)) =

1
2

∫ T

0
‖v0(s)||20ds. For j = 1, . . . , l define measurable maps Z̃j from Ω to Mj

.=
C([0, tj+1 − tj ],H) by

Z̃j(ω)(s) .= W̃ (ω)(s+ tj)− W̃ (ω)(tj), 0 ≤ s ≤ tj+1 − tj .

From the continuity and boundedness of the map f it follows that there exists
a continuous bounded map F2 :

(
H⊗l+1

0 ×
(∏l

j=1Mj

))
→ IR such that

f

(
W̃ +

∫ ·

0

v0(s)ds
)

= F2(Xj , 0 ≤ j ≤ l; Z̃j , 1 ≤ j ≤ l),

a.s. For 1 ≤ i ≤ l, let Xi and Z̃i denote the vectors (X0, . . . , Xi) and (Z̃1, . . . , Z̃i),
respectively. With this notation

Eṽ

(
1
2

∫ T

0

‖v0(s)‖20ds+ f

(
W̃ +

∫ ·

0

v0(s)ds
))

= Eṽ
(
F1(Xl) + F2(Xl, Z̃l)

)
.

(3.8)
We recall that every probability measure on a Polish space is tight. This implies
there is a compact set K0 ⊂ H0 such that

Eṽ
(
F1(Xl) + F2(Xl, Z̃l)

)
≥ Eṽ

(
IK⊗l+1

0
(Xl)

(
F1(Xl) + F2(Xl, Z̃l)

))
−ε/[4(l+1)].

Since (W̃ (t),Ft) is a Wiener process under γṽ, if 0 ≤ u1 ≤ u2 ≤ T then
W̃ (u2)−W̃ (u1) is independent of Fu1 . Therefore, Z̃j is independent of

(
Xj , Z̃j−1

)
under γṽ. Let µj denote the standard Wiener measure onMj and let F (1)

2 be the

real valued continuous map on
(
H⊗l+1

0 ×
(∏l−1

j=1Mj

))
obtained by integrating

out Z̃l from F2, i.e., F (1)
2 (y) .=

∫
F2(y, z)µl(dz), where y ∈

(
H⊗l+1

0 ×
(∏l−1

j=1Mj

))
.

Recalling that ||Xl||0 ≤M0, a.s., and applying Lemma 3.3 with E2
.= H0, E1

.=(
H⊗l

0 ×
(∏l−1

j=1Mj

))
, K .= K0 ∩{x ∈ H0 : ||x||0 ≤M0} and f .= F1 +F

(1)
2 , we

13



have that there exists a measurable function h :
(
H⊗l

0 ×
(∏l−1

j=1Mj

))
→ H0

satisfying ||h(·)||0 ≤M0 such that the right side of (3.8) is bounded below by

Eṽ
(
F1(Xl−1, h(Xl−1, Z̃l−1)) + F

(1)
2 (Xl−1, h(Xl−1, Z̃l−1), Z̃l−1)

)
− ε/[2(l + 1)].

By subtracting an additional ε/2(l + 1) from this lower bound, we can take
h to be a continuous map via an application of [8, Theorem V.16a] and the
dominated convergence theorem. We now iterate the above procedure l times
to obtain the following inequality:

Eṽ
(
F1(Xl) + F2(Xl, Z̃l)

)
≥ Eṽ

(
F1(Γ(Z̃l)) + F2(Γ(Z̃l), Z̃l)

)
− ε,

where

• Γ :
∏l

j=1Mj → H⊗l+1
0 is continuous.

• Γ(zl) can be written (Γ0,Γ1(z1), . . .Γl(zl)), where zi
.= (z1, . . . , zi) ∈∏i

j=1Mj ,

• Γ0 is a non-random element of H0 bounded in norm by M0,

• for i = 1, . . . l Γi :
∏i

j=1Mj → H0 satisfies ‖Γi(u)‖0 ≤ M0 for u ∈∏i
j=1Mj .

Now define for j = 1, . . . , l measurable maps Zj from Ω to Mj by

Zj(ω)(s) .= W (ω)(s)−W (ω)(tj), tj ≤ s ≤ tj+1

and let Zi
.= (Z1, . . . , Zi) for i ∈ {1, . . . l}. Finally define

v(s, ω) .= Γ0I{0}(s) +
l∑

j=1

Γj(Zj(ω))I(tj ,tj+1](s).

Clearly v(s) is an elementary process in AW satisfying ‖v(s)‖0 ≤ M0 for each
s ∈ [0, T ] and

Eṽ

(
1
2

∫ T

0

‖v0(s)‖20ds+ f

(
W̃ +

∫ ·

0

v0(s)ds
))

≥ E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

− ε.

This proves part 1.
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We turn now to part 2 of the lemma. Taking ṽ in (3.7) to be a bounded
elementary process and v0 = ṽ, we obtain

inf
ṽ∈A(b)

Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

≥ inf
v∈AW,(b)

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

, (3.9)

where AW,(b) is the subclass of AW of bounded elementary processes. Since
elements of AW,(b) are piecewise constant, for every v ∈ AW,(b) we can construct
ṽ ∈ A(b) via a recursive conditioning argument so that

Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

= E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

. (3.10)

Combining (3.9), (3.10), we have that

inf
ṽ∈A(b)

Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

= inf
v∈AW,(b)

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

. (3.11)

Next, taking ṽ ≡ 0 in (3.7) and observing that AW,(b) ⊂ A(b), it follows

inf
v∈AW,(b)

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

= inf
v∈A(b)

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

. (3.12)

Now let v ∈ A be such that E{
∫ T

0
‖v(s)‖20ds} < ∞. Choose a sequence

{vn : n ∈ IN0} in A such that each vn is a bounded elementary process,
limn→∞E

(∫ T

0
‖vn(s)− v(s)‖20ds

)
= 0, and supn∈IN0

E
(∫ T

0
‖vn(s)‖20ds

)
< 1+

E
(∫ T

0
‖v(s)‖20ds

)
. Clearly

∫ t

0
(vn(s) − v(s))ds converges to zero in probability

for each t ∈ [0, T ]. Also, an application of Lemma 3.1 shows that {
∫ ·
0
(vn(s) −

v(s))ds} is tight in C([0, T ] : H). Thus (W,
∫ ·
0
vn(s)ds) converges weakly to
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(W,
∫ ·
0
v(s)ds), and since f is continuous

lim
n→∞

E

(
1
2

∫ T

0

‖vn(s)‖20ds+ f

(
W +

∫ ·

0

vn(s)ds
))

= E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

.

Using A ⊂ A(b), this proves that

inf
v∈A(b)

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

= inf
v∈A

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

. (3.13)

The proof of part 2 is completed by combining (3.11), (3.12) and (3.13).

We now present the main result of this section. Though in the theorem we
take f to be a bounded function, it can be shown (as in [1]) that the represen-
tation continues to hold if f is bounded from above.

Theorem 3.6 Let f be a bounded, Borel measurable function mapping C([0, T ] :
H) into IR. Then

− logE exp{−f(W )} = inf
v∈A

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))
(3.14)

Proof: We claim that it suffices to prove the result for f that are continuous.
To see this, let {f (n)} be a sequence of real valued, continuous functions on
C([0, T ],H) such that supx,n |f (n)(x)| ≤ supx |f(x)|, and f (n) converges to f
θ−a.s. An application of dominated convergence theorem shows that

− logE exp{−f (n)(W )} → − logE exp{−f(W )}.

For B ⊂ A and g a bounded, Borel measurable function mapping C([0, T ] : H)
into IR, define

Λ(B, g) .= inf
v∈B

E

(
1
2

∫ T

0

‖v(s)‖20ds+ g

(
W +

∫ ·

0

v(s)ds
))

.

To prove the claim, we must show that Λ(A, f (n)) converges to Λ(A, f) as
n → ∞. Let K .= supx |f(x)| and C .= {v ∈ A : E

(∫ T

0
‖v(s)‖20ds

)
≤ 4K}.
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Then clearly Λ(A, f (n)) equals Λ(C, f (n)) and Λ(A, f) equals Λ(C, f). Let ε > 0
be arbitrary. Choose N ∈ IN0 such that 4K2/N ≤ ε/2. Fix v ∈ C and define
the stopping time τN

.= inf{s ∈ [0, T ] :
∫ s

0
‖v(s)‖20 ≥ N} ∧ T . Recall that

AN
.= {v ∈ A :

∫ T

0
‖v(s)‖20ds ≤ N, θ − a.s.}. Let vN ∈ AN be defined by

vN (s) .= v(s)I[0,τN ](s), where I denotes the indicator function. We observe
that

Λ(AN , f
(n)) ≤ E

(
1
2

∫ T

0

‖vN (s)‖20ds+ f (n)

(
W +

∫ ·

0

vN (s)ds
))

≤ E

(
1
2

∫ T

0

‖v(s)‖20ds+ f (n)

(
W +

∫ ·

0

v(s)ds
))

+ ε,

where the second line in the display above follows since v ∈ C implies that the
probability of the set {τN < T} is at most 4K/N . Taking the infimum over all
v ∈ C in the inequality above we have that

Λ(A, f (n)) ≤ Λ(AN , f
(n)) ≤ Λ(A, f (n)) + ε.

Exactly the same argument with f (n) replaced by f gives

Λ(A, f) ≤ Λ(AN , f) ≤ Λ(A, f) + ε.

Finally, an application of Lemma 3.4 shows that Λ(AN , f
(n)) converges to

Λ(AN , f) as n→∞. This proves the claim.
Henceforth we will assume that f is continuous. We prove that the left side

of (3.14) is bounded above and below by the right side.

Proof of the upper bound: From Proposition 1.4.2 of [10] it follows that

− logE exp{−f(W )} = inf
γ∈P(Ω):γ�θ

{R(γ‖θ) + Eγ(f(W ))} , (3.15)

where P(Ω) is the class of all probability measures on (Ω,F). Let ṽ ∈ A
be a bounded elementary process. Clearly, (

∫ t

0
〈ṽ(s), dW (s)〉,Ft)0≤t≤T is a

real valued, continuous martingale with quadratic variation
∫ t

0
‖ṽ(s)‖20ds ([5,

Section 4]). The boundedness assumption also implies that the expectation
E(exp{

∫ T

0
‖ṽ(s)‖20ds}) is finite, and therefore Proposition 5.12 of [18] yields

E

(
exp

{∫ T

0

〈ṽ(s), dW (s)〉 − 1
2

∫ T

0

‖ṽ(s)‖20ds

})
= 1.

By Theorem 2.2 dγṽ .= exp
{∫ T

0
〈ṽ(s), dW (s)〉 − 1

2

∫ T

0
‖ṽ(s)‖20ds

}
dθ is a prob-

ability measure and, under γṽ, W̃ (t) .= W (t)−
∫ t

0
ṽ(s)ds is a Q−Wiener process.
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The definition of the relative entropy function implies

R(γṽ‖θ) .= Eṽ

(
log

dγṽ

dθ

)
= Eṽ

(∫ T

0

〈ṽ(s), dW (s)〉 − 1
2

∫ T

0

‖ṽ(s)‖20ds

)
,

where Eṽ denotes the expectation with respect to γṽ. The last expression equals
1
2E

ṽ
(∫ T

0
‖ṽ(s)‖20ds

)
, and consequently

R(γṽ‖θ) + Eṽ(f(W )) = Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

.

It follows from (3.15) that

− logE exp{−f(W )} ≤ Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

if ṽ is a bounded elementary process. Therefore, an application of part 2 of
Lemma 3.5 yields

− logE exp{−f(W )}

≤ inf
ṽ∈A(b)

Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

= inf
v∈A

E

(
1
2

∫ T

0

‖v(s)‖20ds+ f

(
W +

∫ ·

0

v(s)ds
))

.

Proof of the lower bound: From Proposition 1.4.2 of [10] we have that

− logE exp{−f(W )} = R(γ0‖θ) + Eγ0(f(W )),

where dγ0
dθ

.= c exp{−f(W )} a.s., and c is the normalizing constant. Define
L(t) = E(dγ0

dθ |Gt). Clearly, (L(t),Gt)0≤t≤T is a right continuous martingale
bounded above and below by e2‖f‖∞ and e−2‖f‖∞ respectively. It follows from
Theorem 2.3 that there exists u ∈ AW such that for all 0 ≤ t ≤ T

L(t) = 1 +
∫ t

0

〈u(s), dW (s)〉.

We can rewrite the last equality as

L(t) = 1 +
∫ t

0

〈L(s)ṽ(s), dW (s)〉,
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where ṽ(t) .= u(t)/L(t). Since L(t) is a real valued continuous nonnegative
martingale with L(0) ≡ 1, we have ([16, Lemma 7.1.4]) that

L(t) = exp
(∫ t

0

〈ṽ(s), dW (s)〉 − 1
2

∫ t

0

‖ṽ(s)‖20ds
)
.

It follows from Theorem 2.2 that under γ0

W̃
.= W −

∫ ·

0

ṽ(s)ds

is a Brownian motion with covariance Q. Therefore

− logE exp{−f(W )} = Eṽ

(
1
2

∫ T

0

‖ṽ(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽ(s)ds
))

. (3.16)

As in the proof of part 2 of Lemma 3.5, we can approximate ṽ by a sequence
{ṽn, n ∈ IN0} of bounded elementary processes inA such that Eṽ

(∫ T

0
‖ṽn(s)‖20ds

)
≤

1 + Eṽ
(∫ T

0
‖ṽ(s)‖20ds

)
and Eṽ

(∫ T

0
‖ṽn(s)− ṽ(s)‖20ds

)
→ 0 as n→∞. It now

follows, as in the proof of part 2 of Lemma 3.5, that

Eṽ

(
1
2

∫ T

0

‖ṽn(s)‖20ds+ f

(
W̃ +

∫ ·

0

ṽn(s)ds
))

converges to the right side of (3.16) as n→∞.
Let ε > 0 be arbitrary. We have shown that there exists M0 < ∞ and an

elementary process v0 ∈ A satisfying ||v0(s)||0 ≤M0 for all s ∈ [0, T ] such that

− logE exp{−f(W )} ≥ Eṽ

(
1
2

∫ T

0

‖v0(s)‖20ds+ f

(
W̃ +

∫ ·

0

v0(s)ds
))

− ε.

The proof is now completed by applying part 1 of Lemma 3.5.

As an immediate corollary to Theorem 3.6 and Lemma 2.7 we have the
following representation theorem for a cylindrical Brownian motion. Define A∗
to be the class of H−valued Ft−predictable processes φ, satisfying

θ

{∫ T

0

‖φ(s)‖2ds <∞

}
= 1.

Corollary 3.7 Let {B(t, h) : 0 ≤ t ≤ T, h ∈ H} be an {Ft}−cylindrical Brow-
nian motion. Let X be a bounded random variable which is measurable with
respect to σ{B(s, h) : h ∈ H, 0 ≤ s ≤ T}. Then

− logE exp{−X} = inf
v∈A∗

E

(
1
2

∫ T

0

‖v(s)‖2ds+ f

(
W ∗ +

∫ ·

0

v(s)ds
))

,

where f and W ∗(·) are related to B(·, ·) and X as in Lemma 2.7.
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4 A Large Deviation Principle

Let W (·) be, as in Sections 2 and 3, a H−valued Wiener process with trace class
covariance Q. Let E be a Polish space and for ε > 0 let Gε : C([0, T ] : H) → E
be a measurable map. In this section we are interested in the large deviation
principle for the family of random elements

Xε=̇Gε(W (·)) (4.1)

as ε→ 0. As stated in the introduction, for Polish space valued random elements
the Laplace principle and the large deviation principle are equivalent. We will
show in this section that under appropriate conditions a Laplace principle holds
for {Xε}. This general result will be applied in the sequel [3]. We begin with
the following definitions.

Definition 4.1 A function I mapping E to [0,∞] is called a rate function if
for each M <∞ the level set {x ∈ E : I(x) ≤M} is compact.

Definition 4.2 Let I be a rate function on E. A family {Xε}ε>0 of E−valued
random elements is said to satisfy the Laplace principle on E with rate function
I if for all real valued, bounded, and continuous functions h on E:

lim
ε→0

ε logE
{

exp
[
−1
ε
h(Xε)

]}
= − inf

x∈E
{h(x) + I(x)}. (4.2)

The set SN of bounded deterministic controls defined in (3.2) will play a central
role in the proof of the Laplace principle. Also recall the definition of AN given
in (3.3).

We are now ready to formulate the main assumption on Gε under which the
Laplace principle holds.

Assumption 4.3 There exists a measurable map G0 : C([0, T ] : H) → E such
that the following hold.

(i) Consider M <∞ and a family {vε} ⊂ AM such that vε converges in distri-
bution (as SM−valued random elements) to v. Then Gε

(
W (·) + 1√

ε

∫ ·
0
vε(s)ds

)
converges in distribution to G0

(∫ ·
0
v(s)ds

)
.

(ii) For every M <∞ the set

ΓM =̇
{
G0

(∫ ·

0

v(s)ds
)

: v ∈ SM

}
is a compact subset of E.
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For each f ∈ E define

I(f)=̇ inf{
v∈L2([0,T ]:H0):f=G0

(∫ ·
0

v(s)ds
)}
{

1
2

∫ T

0

||v(s)||20ds

}
, (4.3)

where the infimum over the empty set is taken to be ∞.
It can be shown that solutions of a wide class of stochastic dynamical sys-

tems driven by a Hilbert space valued Wiener process or a cylindrical Brownian
motion can be written as {Gε(W (·)} with Gε satisfying Assumption 4.3 [3].

Observe that if {Gε} satisfies Assumption 4.3 then I is a rate function on E .
The following is the main theorem of this section.

Theorem 4.4 Let Xε be as in (4.1). Suppose that {Gε} satisfies Assumption
4.3. Then the family {Xε}ε>0 satisfies the Laplace principle in E with rate
function I as defined in (4.3).

Proof: In order to prove the theorem we must show that (4.2) holds for all
real valued, bounded and continuous functions h on E .

Proof of the lower bound: From Theorem 3.6 we have that

−ε logE
{

exp
[
−1
ε
h(Xε)

]}
= inf

v∈A
E

(
ε

2

∫ T

0

||v(s)||20ds+ h ◦ Gε

(
W (·) +

∫ ·

0

v(s)ds
))

= inf
v∈A

E

(
1
2

∫ T

0

||v(s)||20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

v(s)ds
))

.

Fix δ > 0. Then for every ε > 0 there exists vε ∈ A such that

inf
v∈A

E

(
1
2

∫ T

0

||v(s)||20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

v(s)ds
))

(4.4)

≥ E

(
1
2

∫ T

0

||vε(s)||20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

vε(s)ds
))

− δ.

We will prove that

lim inf
ε→0

E

(
1
2

∫ T

0

||vε(s)||20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

vε(s)ds
))

≥ inf
x∈E

{I(x) + h(x)} . (4.5)
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We claim that in proving (4.5) we can assume without loss of generality that
for all ε > 0 and a.s. ∫ T

0

‖vε(s)‖20ds ≤ N (4.6)

for some finite number N . To see this, observe that if M =̇ ‖h‖∞ then
supε>0E

(
1
2

∫ T

0
‖vε(s)‖20ds

)
≤ 2M+δ <∞. Now define stopping times τ ε

N =̇ inf{
t ∈ [0, T ] :

∫ t

0
‖vε(s)‖20ds ≥ N

}
∧T. The processes vε,N (s) =̇ vε(s)I[0,τε

N
](s) are

in A, I being as before the indicator function, and furthermore

θ{vε 6= vε,N} ≤ θ

{∫ T

0

‖vε(s)‖20ds ≥ N

}
≤ 2M + δ

N
.

This observation implies that the right side of (4.4) is at most

E

(
1
2

∫ T

0

‖vε,N (s)‖20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

vε,N (s)ds
))

−2M(2M + δ)
N

−δ.

Hence it suffices to prove (4.5) with vε(s) replaced by vε,N (s). This proves
the claim. Henceforth we will assume that (4.6) holds. Pick a subsequence
(relabeled by ε) along which vε converges in distribution to v as SN−valued
random elements. We now have from Assumption 4.3 that

lim inf
ε→0

E

(
1
2

∫ T

0

||vε(s)||20ds+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

vε(s)ds
))

≥ E

(
1
2

∫ T

0

||v(s)||20ds+ h

(
G0

(∫ ·

0

v(s)ds
)))

≥ inf{
(x,v)∈E×L2([0,T ]:H0):x=G0(

∫ ·
0

v(s)ds)
}
{

1
2

∫ T

0

||v(s)||20ds+ h(x)

}
≥ inf

x∈E
{I(x) + h(x)} .

This completes the proof of the lower bound.

Proof of the upper bound: Since h is bounded infx∈E{I(x) + h(x)} < ∞. Let
δ > 0 be arbitrary, and let x0 ∈ E be such that

I(x0) + h(x0) ≤ inf
x∈E

{I(x) + h(x)}+ δ/2.

Choose ṽ ∈ L2([0, T ] : H0) such that

1
2

∫ T

0

‖ṽ(t)‖20dt ≤ I(x0) + δ/2
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and

x0 = G0

(∫ ·

0

ṽ(s)ds
)

By Theorem 3.6, for bounded and continuous functions h

lim sup
ε→0

−ε logE (exp{−h(Xε)/ε})

= lim sup
ε→0

inf
v∈A

E

(
1
2

∫ T

0

‖v(t)‖20dt+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

v(s)ds
))

≤ lim sup
ε→0

E

(
1
2

∫ T

0

‖ṽ(t)‖20dt+ h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

ṽ(s)ds
))

=
1
2

∫ T

0

‖ṽ(t)‖20dt+ lim sup
ε→0

E

(
h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

ṽ(s)ds
))

≤ I(x0) + δ/2 + lim sup
ε→0

E

(
h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

ṽ(s)ds
))

. (4.7)

Now from Assumption 4.3, as ε→ 0

E

(
h ◦ Gε

(
W (·) +

1√
ε

∫ ·

0

ṽ(s)ds
))

converges to h
(
G0(
∫ ·
0
ṽ(s)ds)

)
= h(x0). Thus the expression in (4.7) can be at

most
inf
x∈E

{I(x) + h(x)}+ δ.

Since δ is arbitrary, the proof is complete.
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