Lecture 7 Maximum Likelihood

Maximum likelihood has been the most extensively used frequentist method in point
estimation. Unlike empirical frequencies introduced in Lecture 6, maximum likelihood is a
fully model-based approach. See Efron’s Wald Lecture paper “Maximum Likelihood and
Decision Theory” (1981, Annals of Statistics) for further discussion.

Given a sample x € X from f(z|f) with an unknown parameter 6, the likelihood L(0|x) 2
f(x]0) is regarded as a function of §. In the case of exponential families, it is more convenient
to consider the (log-)likelihood L(6|x) 2 log f(x|0). In general, L(f|z) is a measure of how
likely is to have produced x, i.e. a certain value of # appears to be more likely than others.

0 is called a mazimum likelihood estimate (MLE) of # based on x if

L(0|z) = max L(6|z).

Proposition 1 (invariance property of MLE) MLE is preserved by parametrization A\ =

q(0) with a known function q.

Proof: Define the likelihood induced by g¢:

L"‘()\]a:)é sup L(0|x).
6:q(0)=X

Then

L*(Nz) = max L*(\|z) = max sup L(0)z) = sup L(0|z) = L(f|x).
A A 0:q(0)=A 0

QED.

Note: Proposition 1 suggests a useful “plug-in” method \ = q(/y) = q(é) for finding MLEs

which will be illustrated in a couple of examples later.

Theorem 1 By absorbing h(x) into the reference measure vy, we simply let f(x|f) =

exp[(0, T'(z)) —(0)], x € X, 0 € ©° be a minimal exponential family (canonical form).

(i) If the equation Vip(0) = T(x) has a solution in ©°, then the solution is unique, and is
the MLE 6 of 6.

(i) If the natural parametrization C(\) = 0 is a bijection, then X\ = C~1() is the MLE of
A in the original form f(x|\) = exp[(C(A), T(x)) + D(N)].



Proof: For (i), consider the likelihood L(f|x) = log f(z|0) = (0, T(x)) — ¥ (). Given z,
any 6 satisfying Vi(0) = T'(x) is a critical point of L(f|z), thus a unique maximizer of
L(0|z), because the Hessian matrix V2L(0|z) = —V?(0) is strictly negative definite. (ii)
follows from Proposition 1. QFED.

Note:
(a) Theorem 1 assumes 6§ € ©°. For 0 sitting on the boundary 00, a special care is needed.

(b) In an exponential family, the MLE q/(\@) of q(0) = EgT(X) = V(0) is just T'(X), which

agrees with the method-of-moments estimator.

Example 7.1 Let X1, ..., X, be iid N(u,0?) random variables, § = (u,02). A MLE 6
could be found using calculus. An alternative “short-cut”, useful in many other similar

problems, is to apply Theorem 1 and Proposition 1. Write the density of X" as

F(x™0) = (2m0?) ™% exp { ! (Ty — 2u T +np?) |,
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where Ty (2") = 31 | x; and Ty(2™) = 3., #2. Note that EyT} = ny and Eng =n(o? +
1%). Hence we have the MLEs i = X and 1 EgTy =02+ ()2 =1 37, X2, which yield

n
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and 0 = \/% S (X — X)2. Furthermore, let q(6) = Py(X; > b) with a known constant
b. Then q(6) =1— @ (M> where @ is the cdf of N(0,1), which leads to q/(\H) = q(9) =

g
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Example 7.2 Let Xi,...,X,, be iid ¢(0, #) random variables. The likelihood L(f|z™) =
07" Lo<a () <a(ny<0}- Note that (a) L(f]z") = 0V 0 < x(y); (b) L(#|2") is decreasing for
0> T(n)- Hence 6 = X(n) is the MLE.

Example 7.3 Let X, ..., X,, beiild U(6 —1/2, +1/2) random variables. Since L(f|z"™) =

I{g 1/2<r(1)<$<n)<9+1/2} = I{m(n) 1/2<9<$(1)_‘_1/2}, any value mn the 1nterval [ ]./2 x +
1/2] is qualified for 6, i.e. MLEs are not unique in this case.

Example 7.4 Let Xi,..., X, be iid samples from a Cauchy distribution with location

parameter 6. Then

n
L(f]z"™) = ¢ H 1+ (z; —0)*7Y, withc=7""
i=1
Note that 0 < L(f|z") < 1V 0 € R; L(f|z") is continuous in ; and lim L(f|z™) = 0 as
|§| — co. Hence a MLE 0 exists, but can only be found via numerical computation except

for the case n < 2.



